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a b s t r a c t
Unless P= NP there is no polynomial time approximation scheme (PTAS) for the problem
of finding, for a graph G, the largest h such that the complete graph Kh is a minor of G.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
The Hadwiger number of a graph G is the size of the largest clique that can be formed as a minor (i.e. by contracting or
deleting edges in G). We call such a structure a contraction clique. Recently, the computation of the Hadwiger number has
gained some attention. Alon, Lingas andWahlén [1] gave anO(
√
n)-approximation algorithm for the optimization version of
the problem, and Eppstein [3] showed that the decision version is NP-complete. However, Eppstein left the approximation
hardness as an open question. In this paper we show that the problem of approximating the Hadwiger number does not
admit a PTAS.
This paper consists of two parts. In the first part we introduce a reduction from approximating Max-(3,4)-Sat to the
problem of approximating the Hadwiger number of a graph. Max-(3,4)-Sat is the problem of finding the maximum number
of clauses that can be satisfied in a 3CNF formula φ in which each variable occurs exactly four times.
In the second part we show that, if we can approximate the Hadwiger number of a graph G within 1 +  for any
 < 0.000009, then P = NP . This follows from a result by Berman, Karpinski and Scott [2] on the approximability of
Max-(3,4)-Sat.
2. The construction
To convert an instance, φ, of Max-(3,4)-Sat to an instance, G[φ], of Hadwiger number we use the following construction.
We introduce two classes of vertices, special and nonspecial. For each variable xi in φ we introduce 4 special vertices,
s1,i, t1,i, s2,i, t2,i, and for each clausewe introduce 2 special vertices,uj, vj.We connect all pairs of special vertices except those
where the subscripts completely match. For a clause, we connect the vertices uj and vj using a path uj, ak,j, bk,j, ck,j, dk,j, vj
for each literal, k = xi or¬xi, that occurs in the clause, see Fig. 1. To finish our construction, we need to construct a variable
gadget. If a literal, say k = ¬xi, occurs only once then we simply connect s1,i to ak,j, t1,i to bk,j, s2,i to ck,j and t2,i to dk,j. If the
literal occurs in two different clauses j and lwe connect s1,i to ak,j, s2,i to ck,j, t1,i to bk,l, t2,i to dk,l, bk,j to ak,l and dk,j to ck,j. If
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Fig. 1. The clause (x ∨ y ∨ z).
Fig. 2. The neighborhood around the special vertices corresponding to a variable xi that occurs three times negated and once unnegated in φ. Note that, for
clarity, the edges between the special vertices have been omitted.
the literal occurs in three different clauses we use a similar construction, see Fig. 2. When considering two pairs of special
vertices corresponding to a variable xi, we will call the subgraph of non-special vertices corresponding to the literal¬xi the
false side, and the subgraph corresponding to the literal xi the true side.
Lemma 1. If φ has m¯ satisfiable clauses then G[φ] has Hadwiger number at least m+ 4n+ m¯+ b(m− m¯)/2c.
Proof. For each satisfied clause, create an edge from uj to vj by contracting the edges on the path corresponding to one of
the literals, say xi, that satisfies the clause. For each variable, we can now connect s1,i to t1,i and s2,i to t2,i by disjoint paths
on the side that does not correspond to the truth assignment of xi. Thus we get a clique of size 2m¯+ 4n. Note, however, that
we can add all the remainingm− m¯, uj to the clique, creating a clique of sizem+ m¯+4n. For every pair of remaining special
vertices vj, vl we may contract the edge between them, and thus create more contraction clique vertices. Thus, in total, we
obtain that the Hadwiger number is at leastm+ 4n+ m¯+ b(m− m¯)/2c. 
Considering a variable x, let the subgraph of G[φ] corresponding to x denote the special vertices corresponding to x and
the special vertices that correspond to clauses that contain x or ¬x, and any nonspecial vertex on any path of nonspecial
vertices between the special vertices.
Next, we show that if we connect the pairs of special vertices using paths in such a subgraph, then we can connect s1, t1
and s2, t2 using disjoint paths p1 and p2 without decreasing the number of connected pairs. Moreover we can do this by
letting the paths p1 and p2 use vertices corresponding to a truth assignment to x.
Lemma 2. Given a subgraph of G[φ] corresponding to a variable x and a collection C of vertex-disjoint paths connecting pairs of
special vertices corresponding to the clauses, there exists a collection D of vertex-disjoint paths containing p1 = s1, . . . , t1 and
p2 = s2, . . . , t2, corresponding to a truth assignment of x such that |C | ≤ |D|.
Proof. First note that if either only x or¬x occurs in φ, then we can prune this variable and the corresponding clauses from
φ. Assume, without loss of generality, that x occurs not less often than ¬x, then ¬x can occur at most two times. Thus, on
the negative side, no more than two disjoint paths can connect the pairs of special vertices. We create D by removing the
paths on the side that has the fewest disjoint paths in C , and add p1 and p2. 
Lemma 3. If the Hadwiger number of G[φ] is at least c then φ has at least c −m− 4n− b(m− m¯)/2c = l satisfiable clauses.
Proof. First we note that no vertex in the clique minor can be the result of a contraction of only non-special vertices.
Thus for each vertex in the contraction clique we need at least one special vertex. If we contract an edge between two
special vertices then the resulting vertex is adjacent to all other special vertices, and is thus clearly in the contraction
clique. Therefore there is a largest contraction clique in G[φ] where every contraction clique vertex is the result of a
contraction of two special vertices, or a special vertex and a number of non-special vertices. As any subset of special vertices
of size k > 2 can be contracted into a contraction clique of size bk/2c, the Hadwiger number of G[φ] is determined by
the number of contraction clique vertices that contain only one special vertex. Therefore we want to find the size of the
largest contraction clique in which we are forbidden from contracting edges whose endpoints are both special vertices.
We call this problem the largest restricted contraction clique (RCC). Let |RCC(G[φ])| be the size of such a clique in G[φ].
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Then the Hadwiger number, or equivalently the size of the largest contraction clique |CC(G[φ])|, satisfies |CC(G[φ])| =
|RCC(G[φ])| + b(2m+ 4n− |RCC(G[φ])|)/2c.
It is sufficient to show that |RCC(G[φ])| = m+ l+ 4n and that this implies that φ has l satisfiable clauses. First note that
in a RCC wemay always include all the vj. By observing that Lemma 2 holds for each variable independently, we have that if
|RCC(G[φ])| = k we can convert RCC(G[φ]) into a RCC of the same size Q , where the paths p1 and p2 correspond to a truth
assignment for the corresponding variable x. This implies that φ has k−m− 4n = l satisfiable clauses, as for each variable
xi all s1,i, t1,i, s2,i, t2,i are included in Q as well as all the vi and all the remaining vertices in the RCC correspond to satisfied
clauses. 
By combining Lemmas 1 and 3 we obtain:
Theorem 1. Given φ, an instance of Max-(3,4)-Sat, with m clauses and n variables, φ has m¯ satisfiable clauses if and only if the
Hadwiger number of the graph G[φ] is m+ 4n+ m¯+ b(m− m¯)/2c.
3. The approximation
Ifφ is an instance ofMax-(3,4)-Sat,we can formanew instance,φ1∧φ2, whereφ1 andφ2 are instances that are isomorphic
toφ, but have disjoint variable sets.When expressed in terms of the parameters ofφ, then the instanceφ1∧φ2 has 2m clauses
and 2n variables and the maximum number of satisfiable clauses is 2m¯, consequently |CC(G[φ1 ∧ φ2])| = 3m+ m¯+ 8n.
Berman, Karpinski and Scott [2] showed that it is NP-hard to approximate Max-(3,4)-Sat within 1.00052. By combining
Lemma 3 with the following theorem, we obtain a inapproximability result.
Theorem 2 (Berman, Karpinski and Scott). There exists a family of instances of Max-(3,4)-Sat such that each, for some k, consists
of 1904k clauses, for which it is NP-hard to distinguish between the systemswhere (1900−x)k clauses can be satisfied and systems
where at most (1899− x)k clauses can be satisfied (for x < 1/2).
By Lemma 3 we can convert any sufficiently large contraction clique in G[φ] to an assignment to the variables. If there is
a (1 + )-approximation algorithm for approximating the Hadwiger number then we know that the Hadwiger number of
G[φ1∧φ2] is at least (3m+ m¯+8n)/(1+). From this we can subtract 3m−8n and obtain (m¯−3m−8n)/(1+),which
is an approximation of m¯. As n ≤ 3m, we obtain (m¯ − 27m)/(1 + ), and so by letting  be a sufficiently small constant
we obtain a contradiction with Theorem 2.
To determine the inapproximability of Hadwiger number we show that, given a (1 + )-approximation algorithm for
computing the Hadwiger number of G[φ], and a Max-(3,4)-Sat instance φ with m = 1904k then, for some x < 0.5, we
can differentiate between m¯ ≥ (1900 − x)k and m¯ ≤ (1899 + x)k. We can differentiate between the two cases if the
approximation algorithm produces a solution that is larger than 1899.5k if m¯ ≥ (1900 − x)k, and a solution smaller than
1899.5k if m¯ ≤ (1899 + x)k. Note that if m¯ ≤ (1899 + x)k, the approximation algorithm will produce a solution smaller
than 1899.5k.
Theorem 3. The Hadwiger number cannot be approximated within a factor 1.000009 unless P = NP.
Proof. We determine the largest  such that
1900− x− 27× 1904
1+  ≥ 1899.5,
for some 0 < x < 1/2. Note that, for all  < 1/106 615 (roughly  ≤ 0.000009) there exists an x < 0.5 such that a (1+ )-
approximation algorithm for Hadwiger number could be used to determine if φ has more than (1900 − x)k satisfiable
clauses. 
4. Concluding remarks
Wehave shown that the problemof approximating theHadwiger number does not admit a PTASunless P = NP . However,
the best known approximation algorithm for the problem is a O(
√
n)-approximation. A natural question is, then, if we can
get a constant factor approximation algorithm or show that the problem is not in APX?
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